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Abstract 
Maurin, F., Balanced generalized handcuffed designs, Discrete Mathematics 110 (1992) 
205-213. 
The definition of balanced generalized handcuffed designs (BHD) is of course more specific 
than that of the generalized handcuffed designs that we introduced in 1987. 
In the first part of this paper, we present a particular property of a BHD, which is not 
necessarily that of a generalized handcuffed design. 
Then, we provide the reader with a general procedure that enables one to obtain such 
designs, and is called a ‘difference method’. We also show how this difference method can be 
made more useful in the case where the set V on which a BHD is constructed is the residue 
classes of integers mod V. 
The third part of this paper deals with the problem of the existence of a BHD; and a solution 
is given for a particular case. We assume that the method applied for solving this problem will 
allow for the constructing of many more theorems analogous to Theorem 3. 
1. Introduction 
The concept of handcuffed design has originally been introduced, in [l], by 
Hung and Mendelsohn. These authors settled the question of the existence of 
such designs in [2]: they proved that the conditions A.v(v - 1) = 2b(k - 1) and 
bk = rv are necessary and sufficient for a handcuffed design of b blocks and 
parameters v, k, A to exist. 
In [3], we gave the definition of a generalized handcuffed design which includes 
as a particular case Hung and Mendelsohn’s handcuffed designs. 
Here, we define balanced generalized handcuffed designs which are particular 
generalized handcuffed designs and are also a generalization of Hung and 
Mendelsohn’s handcuffed designs. 
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Definition 1. Let us consider a v-set V and /3 = {B,, B2, . . . , Bb} a set of blocks 
which are ordered k-subsets of V. Let us consider Bj = (a,,,, u;,~, . . . , Ui,k) and 
t c k. From Bj we are able to create a set Bji: of (k - t + 1) t-subsets of V, 
BF = {{ai,j, Ui,j+l, . . . ) ai,j+,_l}, Vj = 1, . . . 7 k -t + l} 
If every element of V occurs in exactly r blocks and if every t-subset of V occurs 
in exactly h sets such as BT, we may say that /? is a generalized handcufled design 
and we name it a (21, k, t, A)-HD. t will be called the strength of the 
(v, k, t, A)-HD. 
Definition 2. Let us consider a (v, k, t, A)-HD /I built on V. If /3 is also a 
(v, k, 8, AB)-HD, V8 =S t, we may say that p is a balanced generalized handcuffed 
design and we name it a (v, k, t, A)-BHD. t will be called the strength of the 
(v, k, t, A)-BHD. 
Then, it is easy to show that 
v! 
b=At!(v-t)!(k-t+l) (1) 
il =n(v-O)!e!(k-@+l) 
0 
(v -t)! t! (k -t + 1) ’ 
vest-1 
(A, = h and Ai = I). 
Therefore, it is necessary for a (v, k, t, A)-BHD to exist that (1) and (2) be 
integers. 
Example 1. The set of the following 10 blocks is a (5,4,3,2)-BHD (b = 10, A, = 
r = 8, A2 = 3, A3 = A = 2): 
(112, 4, 3) (2, 3, 0, 4) (3, 4, 1,O) (4, 0, 2, 1) (0, 1, 372) 
(3, 1, 274) (4, 2, 3, 0) (0, 3, 4, 1) (1, 4, 0,2) (2, 0, 173). 
Theorem 1. Let us consider a (v, k, t, A)-BHD built on V and a E V and suppose 
that a occurs we times in the &st and (k - 8 + l)-st columns. Then we is 
independent of 
8 and aEV:we=w=2A 
(v - l)! 
=2b 
(v-t)!t!(k-t+l) v’ 
ve = 1,2, . . , ) inf([k/2], t - l), where [k/2] is the integraE part of k/2. 
In fact, let us go back to the notations of definitions 1 and 2 and 
q-subsets of V to which a belongs and which can be extracted from 
B,T, = {{a,.,, ai,l+i, . . . 7 ai,/+q-l}, VI= 1, . . . 7 k - v + 1) 
count the 
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We have for q c inf([k/2], t), 
or 
or the equivalent 
o-1 
,z (rl -ilwj=A (II - l)! (V -t)! t! (k -t+ 1) r(rl - 1) 
and in the same manner 
‘7-Z 
,z (r-l-.W=A (v - l)! (V - t)! t! (k - t + 1) (9 - l)(rl - 2) 
(1) 
(2) 
(1) and (2) 3 
7-l 
c wj = 2(7j - 1) 
A(v - l)! 
j=l (u - t)! t! (k - t + 1) + 
(v - l)! 
or 
(v - l)! 
w0 = 2A (?J - t)! t! (k -t + 1) 
Vt?Cinf([t], t- 1). 
Remark 1. Theorem 1 shows us that it is not only necessary for a (v, k, t, A)- 
BHD to exist that b and A, be integers when 0 c t - 1 but also that 2blv be an 
integer. 
2. Using a ‘difference method’ for the constructing of balanced generalized 
designs 
In [3], we used a difference method in order to construct generalized 
handcuffed designs and this method came out as a generalization of Lawless’s 
difference method [4]. 
Here, Theorem 2 generalizes Theorem 1 of [3] and makes it possible to 
construct balanced generalized handcuffed designs. 
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Theorem 2. Let us consider an additive group G of order v and the breakdown of 
G’ into right cosets of its subgroup 
Ni = {(a, a, . . . , a), Vu E G}, 
v,Fl 
G’ = Ni + c (uii + Ni) i = 2, . . . , t 
j=2 
Among the cosets uii + Nil we can identify (v - l)!/(v - i)! cosets so that the 
components of uij be different. Let us call these cosets u,; + Ni. Let us suppose that 
there exists a set of 
(v - l)! 
m = ’ t! (v -t)! (k - t + 1) k-blocks, 
Al = (al,l, a2,(, . . . , ak,d 1 = 1, 2, . . . , m 
such that among the m i!(k - i + 1) i-tuples (i = 2, . . . , t) (azn(nj,l, anCn+lj,,, . . . , 
an(n+i-l),l) in which JG runs over the whole set of permutations of (n, n + 1, 
. . . ) n + i - 1) for n = 1, 2, . . . , k - i + 1, with Ai representatives of each coset 
uf + Ni. Then, the set of blocks 
At + 8 = (a*,, + 8, a2,t + 8, . . . , ak,[ + O), VO E G, Vl= 1, . . . , m 
is a (v, k, t, A,)-BHD. 
Remark 2. We may consider that the u;, representatives of the cosets whose 
components are all different, are 
u,T =(O, aj,, aj2, . . . , aj,_,) 
in which {ai,, ajz, . . . , ai,_,} c G - (0). 
In what follows we shall refer to the blocks Al as (2-t)-difference blocks. 
The following remark allows us to simplify, in some cases, the application of 
Theorem 2 in order to build (2-t)-difference blocks. 
Remark 3. In the set AL of t-ordered subsets of V = (0, 1, 2, . . . , v - 1; mod v}, 
let us consider the partition C, induced by the equivalence relationship 
( 4, a2, . . . , 4 - (h b2, . . . , b,) e 3 a permutation n of (aI, a2, . . . , a,) and a 
number A. of V such that bi = n(a,) + a, Vi = 1, 2, . . . , t. If v and t have no 
common factor, the number of elements of each class of C, is t! II, independent of 
the considered class and every group of automorphisms of the additive group V 
may be regarded as a permutation group on C,. 
(a) Let us show that if a = (a,, a2, . . . , a,) with a, < a2<. . . <a, < v, then 
a + A = (a, + h, a2 + il, . . . , a, + il) is equivalent to b = (b,, b2, . . . , b,) with 
b,<b,<. *+<b,<vandb#a VA=1,2 ,..., v-l. 
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(1) If ai + A < U, Vi = 1, 2, . . . , t, then 
b = (a, + A, a2 + A, . . . , a, + A) #a 
because A # 0. 
(2) Suppose that ai + A < II c a,+i + A, then 
a + A. = (a, + ?L, u* + A, . . . ) ui + A, a,+1 + A - 21, . . . ) a, + A - v) 
withu,+A<u,+A<~~~<uj+Aand 
u;+,+il-~<ui+,+A-v<~~~<u,+A.-v. 
Butur<v+u,+A-v<u,+A, 
whence 
b = (u,+~ + A - v, . . . , a, + A - ZJ, a, + A, . . . , ui + A) 
a = b would imply that a, = a,+, + A - ‘u, . . . , a,_, = a, + A - u, u,_,+~ = a, + A, 
. . . , a, = a, + A, which would imply that 
,$ ai = ,$ uj + (a - v)(t - i> + Ai Inod y, 
or At = 0 mod u, which, taking into account that A c v - 1, is not possible if t and 
u have no common factor. 
(b) Let (Y be an automorphism of the additive group V and let us write 
a(&, 4, . . . , 4) = (a(Q), 44, . . 2 4%)) 
Let Fe, be the class of C, to which a = (ai, u2, . . . , a,) belongs and qQe,. the class 
of C, to which o(u) belongs. 
If b = (b,, b2, . . . , b,) - a, then 
a(b) = (a(n(a,) + A), 4~44 + A), . . . > 4~44 + A)), 
for A E V and JL permutation of (a,, u2, . . . , a,), hence: 
a(b) = (am-‘(a(~~)) + p, am-‘(a+~)) + ,/_A, . . . , ma-‘(a(~,)) + p) 
for p = (u(A) E V and WC~-’ permutation of (&(a,), cu(u,), . . . , cu(u,)) so that 
a(b) E GZae,. and we may then regard every group of automorphisms of V as a 
permutation group on C,. 
Particular case where v =p an odd prime: constructing sets of (2-3)-difference 
blocks. Then, Vt = 2, 3, . . . , p - 1, the assumptions of Remark 3 are satisfied. 
Let G be the group of automorphisms of the additive group V, whose elements 
are the multiplications of elements of V by 1,2,3, . . . , p - 1 mod ZI. 
(1) Let us note that G is a transitive group on Cz, that is to say, given two 
classes ‘+$,,n,) and v(,,,,bz) (a, < u2 and b, < b2) belonging to C2, (xul, xu2) = 
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(J4bl) + 4 JG,) + A), JG permutation of two elements and h E V, is satisfied 
when x=x1 or x=x2, {x,,x2}c{1,2,. . , p - 1). In fact, the solving of this 
equation leads to xl(az - a,) = b2 - b, modp and x2(u2 - a,) = b, - b, modp and 
x, #x2 since x1 =x2 would imply 2(b2 - b,) = 0 modp, which is impossible 
because 2 and (b2 - b,) are not factors of the odd prime p. 
Whence, any block (a,, a2, . . . , ak), with {a,, u2, . . . , uk} c V, generates, 
after multiplication by 1,2, . . . ,p - 1, a set of p - 1 2-difference blocks built on 
V. 
(2) Let us regard G as a permutation group on the (p - l)(p - 2)/6 classes of 
C3. Since, when p 3 11, the order p - 1 of G is lower than the number of classes 
of C3, G cannot be transitive on C3 and let O,, O,, . . . , 0, be the sets of 
transitivity for G(lJ,=, Oj = C,). Let us assume that there exist 1 blocks 
that 
pj = (bj.1, bj.2, . . . 9 bj./c) (i = 1, 2, . * * 9 1) 
{(bj,i, bj,i+l, bj,i+z)j Vi = 1, 2, . . . 7 k - 2) c U %‘j,, with %“,n E Oj. 
n 
Let Pj.1, Pj.2, . . . > p,,,_, be the blocks generated by pj after multiplication by 
1,2, . . . ,p-1 and let A b e the least common multiple of the numbers 
(P - l)(k - 2)/Pj, w h ere iui = card Oj. Then, we construct the set 
B = Dj,m 
APj 
= = - 
(P 1P 2) times; Vj 1, 2, 
. . . 
, 1; 
Vm 
1, 2, 
. . . 
, p 
1 
- - I 
Taking 1) into account, B is a set of (2-3)-difference blocks which, by application 
of Theorem 2, provides a (u, k, 3, A)-BHD. 
Example 2. When p = 11, C, = 0, U 0, where 0, and 0, are the sets of 
transitivity for G: 
01 = {~(O.,,,,, ~(0,1,6), ce(0,2,‘+ ~(0,3,6), %0,3,7d; 
02 = cqD,,,3)J ~(“,I,+ ~(O,l,S)~ ~(0,1,7)~ q”,Ls)? 
,qO,1,9), ~(0.2,5)~ ~(0,2,6)> qo,2,7), qm)) ; 
PI = (0, 1, 2, 3, 4, 5, 6, 7, 8, 9) is such that 
((0, 1,2), (1, 2, 3), (2, 3, 4) (3, 4, 5), (4, 5, 6) (5, 6>7), (677, S), (7, 8, 9)) 
= ce(o,,,,, u %(0,1,6) u ~(0.2.4) u qo.3.6) u qo,3,7,; 
p2 = (0, 1, 3, 6, 5, 9, 4, 2, 8, 10) is such that 
((0, 1, 3), (1, 3, 6), (3, 6, 5), (6, 5,9), (5, 9, 4), (9, 4, 2), (432, 8), (2, 8, 10)) 
=~~“,,,3)~~,~~,~,~,~~~“~1~5)~~~0,~,7)~~,,~~~)~~~0,~.9) 
u qo,z,5) u qJ.Z,6) u qo,2.7) u %l,Z.S)~ 
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Moreover p, = 5 and pFL2 = 10; therefore (p - l)(k-2)/pi = 16 and 
(p - l)(k - 2)/P* = 8 so that A = 16. Finally, 
B = {/3i+, /3Z,m twice; Vrn = 1,2, . . , , 10) 
is a set of (2-3)-difference blocks which, by application of Theorem 2, produces a 
(11, 10,3, 16)-BHD. 
As it is illustrated in the following example, in some cases, simplifications allow 
us to produce sets of (2-3)-difference blocks with a A lower than the A. given by 
the above method. 
Example 3. When p = 7, G has a subgroup G’ which consists of the multiplica- 
tions of elements of V by 1, 2 and 4. G’ may be regarded as a transitive group on 
C2. When G’ is regarded as a permutation group on C3, there are 3 sets of 
transitivity for G’: 
pi = (0, 1, 2, 3, 4) is such that 
((0, I, 2) (1, 2, 3) (2, 3, 4)) = %,LZ, u (qO.,>‘q u qo.2,q; 
pz = (0, 1, 3, 4, 6) is such that 
((0, 1, 3) (3, 4, 6)) = w,,,,i,,, and {(I, 3,4)) c ~~O,,,s~; 
p3 = (0, 1, 5, 6, 3) is such that 
((0, 1, 5) (5, 6, 3)) = ~,,,,Ls) and {(I, 5,6)) = (e,,,,,,,,. 
It follows that 
B = UL three times, P2,*, L; Vm = I, 2, 4) 
is a set of (2-3)-difference blocks which, by application of Theorem 2, provides a 
(7,5,3,9)-BHD. Whereas the above method, starting from G itself, would 
provide a (7,5,3, 18)-BHD. 
As first sight, the problem of the existence of BHDs seems to be a rather 
difficult one. The case L = 1 is of course the most interesting one. We are going to 
solve it for the particular case k = t = 3. But we believe that other theorems, 
similar to Theorem 3 which deals with the simplest case, may be demonstrated. 
3. Solving the problem of the existence of (u, 3,3,1)-BHD 
Theorem 3. It is necessary and suficient for a (v, 3, 3, l)-BHD to exist that 
v = 3n + 2, where n is an integer 3 1. 
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(1) The condition u = 3n + 2 is necessary because A2 = 2(v - 2)/3 must be an 
integer and then v = 3n + 2. 
(2) The condition II = 3n + 2 is sufficient: we demonstrate it by recurrence on 
n: 
(a) There exists a (5, 3, 3, l)-BHD. 
The set of blocks {(3,1,4), (2,1,0)} is a set of (2-3)-difference blocks 
constructed on (0, 1,2,3,4; mod 5) which provides the (5,3,3, l)-BHD: 
{(3,1,4), (4,2, O), (0,3,1), (1,4,2), (2,0,3), (2,1, O), (3,2, l), (4,3,2), 
(0,4,3), (1,0,4)). 
(b) If there exists a (v = 3n + 2, 3, 3, l)-BHD, then there also exists a (v’ = 
3n + 5, 3, 3, l)-BHD. 
Let V be the set on which the (v = 3n + 2, 3, 3, l)-BHD is built and TO the 
whole set if its blocks. If V’ = V U {x, y, z}, starting from TO, we are going to 
construct a (3n + 5, 3, 3, l)-BHD on V’. 
Let p, y, 6 and U, v be respectively three subsets of V and two elements of V 
such that V = /I U y U 6 U {u} U {v}, card /3 = card y = card 6 = n and where 
/I = {pi; Vi = 1, . . , n}, y = {y;; Vi = 1, . . . , n} and 6 = {Si; vi = 1, . . . , n}. In 
what follows, let 
(x, (Y, p) be the set of blocks (x, q, /3,), Vi = 1, . . . , n, kfj = 1, . . . , n ; 
(x, y, cu) be the set of blocks (x, y, LY,), Vi = 1, . . . , n ; 
( x, a*, /3**) be the set of blocks (x, ai, aj), Vi = 1, . . . , r~, Vj = 1, . . . , n and 
i<j 
(x, a., p’) be the set of blocks (x, cq, pi), Vi = 1, . . . , n. 
We name 
T,={(x,Y,z)); 
T2 = I(% 4 Y)> u {( v, x9 Y>> u {VA x, Y)> u (T Y, Y> u (4 x, Yh 
7; = {(Y, 4 2)) u {(v, Y, 2)) u (P, y, 2) lJ (Y, Y, 2) lJ (4 Y, 2); 
G = {(z, x, u)> U {(v, z, x)) U (z, P, x) U (Y, z, x) U (4 z, x); 
Ti = (P*, x, P**> U (u, x, P) U (x, u, Y) U (P, x, 6) U (x, Y*, I’**> 
u (4 y**, a*) u (x, a*, a**) u (y*, a**, x) u (x, v, p) 
u (v, x, Y) u (v, 6, x> u (4 6, x) u 6, Y', 6’) 
u (P, Y, x) u ((4 v, xl>; 
T6 = cy*, Y, Y**) u (u, Y, Y> u (Y, u, 6) u (Y> Y, PI 
u (Y, a*, **I u (Y, g**, p*> u (y, p*, P**) u (a*, p**, Y> 
u (Y, v, Y> u (v, y, 6) lJ (v, P, Y) u (u, P, Y) u (Yr a*, P’) 
u (Y, 6, Y) u {(U> v, Y>li 
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T+ = (a*, 2, a**) u ( u, z, 6) u (z, u, P) u (4 z, Y> u (z, P*J p**> 
u (z, p**, y*) u (z, y*, Y**) u (P*, y**> z) u (27 VJ Y) 
u (v, s, z) u (v, z, P) u (4 y7 z) u (z, p-1 Y’) u (4 PI z) 
u ((4 z9 VI>. 
It is easy to prove that T = lJ& Tk is a (3n + 5, 3, 3, 1)-BHD. 
Remark 4. Theorem 3 implies of course that if u = 3n + 2, there exists a 
(v, 3, 3, A)-BHD, Vjl Z= 1, but the condition ‘u = 3n + 2 is not necessary. For 
example, there exists a (6,3,3,3)-BHD which can be obtained from the 
(5,3,3, l)-BHD 
((3, 1, 4), (4, 2, 0), (0, 3, l), (1, 4, 2), (2, 0, 3), (2, 1, O), (3, 2, l), 
(4, 3, 2), (0, 4, 3), (1, 0, 4)) =A(O, 1, 2, 3, 4). 
In fact, 
A(0, 1, 2, 3, 4) U A(5, 1, 2, 3, 4) U A(0, 5, 2, 3, 4) 
UA(0, 1, 5, 3, 4) UA(0, 1, 2, 5, 4) UA(0, 1, 2, 3, 5). 
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